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At a-meeting in April 1976, the Advisory Board of the journal Investigations

in dathematics Education recommended that a.document be developed which would
provide some perspectives on the use of ¢ase studies and other clinical
approaches in mathematics edgcation. The ERIC Center for Science, Mathematics,
and Environmental Education agreed to spdnsor the preparation and publication
1f sucP a document. Professor Easley was contacted--and the result is in your
hands. )

. » * ., - .
A large portion of this paper contrasts several research strategies, discussing
in' some detail the procedures -—and some of the results --— of three distinctive
types of studies. The perspectives and the premises of Erlwanger, Piaget, and
somé Soviet studies are considered in relatiop to the techniques and outcomes
which resdlt from their work. Then the uses of clinical research in the class-
room are discussed--both the mse of research results and of research methods.

Finally, Professor Easley cites references which readers may find useful in
further exploring clinical étudies. The result is :a document which is unique - t
in providing information to consider as altérnative patterns of research are
sought.

.
¢

ERIC/SMEAC is pleased to make this publication available to mathematlcs
educators and others interested.in clinical approaches.

!

Marilyn N. Suydam
Edifor ™
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This public;tion was prepared pursuant to .a contract with the National
Institute of Educatidn, U. S. Department-of Health, Education and Welfare.
Contractors unQprtaking such projects under GoVernment sponsorship are
encouraged to exggress reely their judghent in professional and technical
matters. Points™of v?éw or opinions do not, therefore, necesSarily repre-
sent official Nationa] Institut? of Educatjon posftion or policy.
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ON CLINICAL STUBIES IN MATHEMATICS EDUCATION* ' Ve

v J; A. Easley, Jr. J SN
Committee on Culture and Cognition
University of Illinois at Urbana~Champaign

’ . » -
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In recent 'years 'there.has been an upsurge of case studies of ind{vidual
pupils in mathematics programa and an sased interest in Piage®'s
clinical studies of chlldrenxé/thlnk g and other types of high-inference
investigatlons Such studies appear to violate the canons of reseamch
tradigionally advocated by specialls s in measurement and statistics, and
many persons report they’ don't know /how £y, ,evaluate cllnicai studiés or
how to use t?em in advancing their pwn understanding of the field. This
monograph will discuss genmeral condeptual and methodological issues that
appear to bldck adequate evaluatloﬁ and use.of clftnical studies and wil?
illustrate these issues with detailed discussion of representatives of
three major kiffds or schqols of clinical studies in mathematics education.
The last two gections will discuss uses of clinical studies -in mathematics
teaching and/irntroduce a general bibllograohy of studles known to this

7

reviewer., . . -
/ . .
I/ - !

Contragting Research Strategies J o,
In g/recent paper (Campbell, 1975), Donald T. Campbeiilreverses the
\ . Pogition he took against individual case studies in earlier papers such as

CAmgbell and Stanley (1966), Campbell (1961), and Raser, Campbell, and
dwick (1970). Then, he had -argued that studies in which. a.single group
an indiyidﬁal is studied,only once "have such a total absence of control

s to be of almost no scientific value'" (Campbell and Stanley, 1966). Now

he concedes that case studies may indeed have scientific value and that he

o/ had "overlooked.a major source of disciplfne.' An alert social scientist
engaked in a clinical study generates dozens of pZ;dictions and expectations -

that are tested by his or her observations, and he_or she is unlikely to retain
a theory or interpretation unless most of the predictions it generates are-sup-
. ported by a large number of kéy data. 1In this way, then, a case study’ (or a N
clinical study) s seen as more like a patterq-matching task rather than
as focusing on a'single prediction and observational testing, as_}g_mgst .
conventional experimental tesearch.. It is clear also that practitione’s
, of «ase study-methods tend to use the data gathered to help them shape a
[ - new theory or select among general theories rather than to. test 'a theory
chosen ig: advance. They seek to discover the natural processes occuxxing
rather- than to determine the digtribution of an association or a process,
- in a-po ulation. : . ’

’

Qampb lL“(1975)'éuggests that aase studies should tabulate those

-cogfsiderably beyond the sources indicated. While it is iﬁpossible to list
m all, Beth Dawson, Bob Davis, Beb Stake and Marilyn Suydam deserve
s ecial'attent on . . . . { .

“
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-supported or refuted,
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and the reasons.for the step-wise changes that were
made in theory during-the study. Stake (1976), advocates that a case

study stiould be written in such a way as to carry the realler vicarioysly
through the experiences that the case writer had. Since case study writers

‘are often paying less attention to the common theories than the emerging

picture, tbis could mean that the readers have to keep the1r own counts of
predlctions supporting or refuting their own modifications of thelr own
What is clear from the literature on case study me t hod-
ology (and confirmed by my owp
is that a skeptlcal and detawged attitude on the part of the investigator
usually results in rather dramatic changes.in his or her preconceptions o,
and produces an awareness of preconceptions he or she was not aware of '
having. When a case or clinical study seems to confirm preconceived, ideas,

. I then tend to become suspicious that the study. wds superficiaily done and

that very few consequences of those ideas were actually tested against the
data ‘generated in the study. So I think that Campbell's suggestions are
good ones in the sense that they would help the inexperienced investigator
follow the significant advances in a case study and distinguish between
those observations that,make advances and these that do not. This does
not preclude also following Stake's advice in doing the writeup. In fact,
it should help alert reader§ to make "tables'" of their dwn preconceptions.
.

Whether a study simply tests hypotheses that were already formulated.and
seriously entertained, or undertakes 4o develop a substantial advance in
theory, however, is not the only issue that divides the two contrasting
strategies #f research. A second major issue is that of generallzablllty
of results. Experimentalists feel that they can generalize their fandlngs
from an experiment to the population as a whole because they have drawn an

. adequate random sample from the population about which a hypothesis speaks.*

Clinical researchers feel that they can generalize from a study of a
single-case to some other individual cases because they have seen a given
phenomenon in one situation in sufficienf detail and.know its esdential
workings to be aple to recognize it when they encounter it in another’,
situation.** On the conventional strategy for promoting generalizability,
methodological canons are also beirrg challenged. It shoyld be recalled
that the theory of inferential statistics gives us the prokablilty that,
in a series of experiments with a random variable, the result obtained
dould ‘have arisen by chance alone. It does not speak to uncontrolled .
observatiohs encountered. in the classroom or in daily life. However,
Guttman (1953) contended that sampling theory alone doks not solve the .
problems of prediction and external validity, even within a series of
random experlments. 'This led Cronbach et al. (1972) to,dévelop a theory .
of generalizabillty tHat resolves some of. the problems of this sort. -How-
evet, those authors did not directly address generalizability" beyond the.
conditions of a research design, although they do poiqt to ways ‘of
estimating the accuracy of possible generalizations. A major contribution,
of their work is to distinguish the different domains from whlch A set of

&

- ]

*This presupposes some distributlon law——typlcally a noemal distribution.
of construct variability in the populatlon. -

. e , .
**This presupposes that phenomend occur in natunal types each .of which is
based on an underlying structure. - ! .

< ) - ' \

experfence in_ training case study researchers)
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observations may be ‘cdhsidered to have, K been drawn and the probability _

values that attach ee inferencdes from the data collected to these different
domains. (For example, reliability of observational instruments cannot be

_defined apart from a given 'domain.) Rater Cronbach (1975) recommended

something approaching the more sefious case study, when heswrote (after
reviewing the methododogical problems of aptitude~treatment interaction

btudles) " . ‘

Instead of making generaliigation the ruling consideratfon in our

«

research, I suggest what we reverse our-priorities. An observer ., ‘\~‘

collecting data in one partlcular situation. is in a position to
- gappralse a practice or proposition in that setting, observing
effects in context. In trying-to describe and account for.what
happened, he will give attention to whatever variables were con- .
. trolled, but he will give equally careful attention to .
* uncontrolled conditions, to personal characteristics, and to .
events that occurred during treatment and measurement. As he
goes from situation to situation, his first task is to describe
and interpret the effect anew in each locale, perhaps taking
into account fac#ors unique to that locale or serids of events. .

Cronbach's destription of the research strategy he now recommends is
reminiscent of a statement by McLean and Stanley (1964) that "experimenta-
tion and analysis have more in common with an exciting treasure hunt than
with a cut-and-dried mathematics'exercise."” Both statements point to the

‘possibility of seeing common processes underlying the various kinds of

research reporting, and the ‘realization that the advancement of Wnder-
standing  is a human enterprise which, involves creative processes beyond’
the capacity of dutomated data processors alone.
. »
Unfortunately, due to the traditions involved in reportlng both experimental
and case or clinical studies, it is the exciting generatlon of 1deas and
revision of expectations that is usually left out and which readers h
to supply for themselyes. The p091t1v1st1c movement in philosophy, in
quest of objectivity, *attempted to rtd 'science of ifftuitive and human-
elements, but it is fading in the light of the realization®that a purely
mechanical process stifles the very creative impulses needed for the .
advaicement of knowledge. Havihg read of experiments demonstratlng so=+.
called Hawthorne and Pygmalion effects, ‘'we may' sometimes fear our all-too-
human tendencLes toward self-fulfilling p&ophecies and want t8 put on the
double blinders of the rigorous test of a new drug. But we also have the
optiom of opening our eyes wider and observing ourselves as expéctant

participants ind and expeectant observers of instructional situations. This
"is the more promising effect of «linical studies, for blinders generally

elimlnate far more helpful information' than the/mdsdnformatlon they clean

L uP. ¢

N
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For example, subjects sometimes try to éay what they think the interviewer’ .
wants to hedr. An experimentalist tries to dngUlSe his or her intent.
The clinical interviewer can ask more questions: Serious efforts are made
by Piaget, for 1nstance, to discriminate between answers chlldren may’ give
"at random,' answers given to please the interviewer, and answer based on .
-convictions ‘of /various kinds, involving various degrees of spontaneity,
Y S - - . . ’ .
N ' -3 '
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etc. (Piaget, ’1929) . Clearly, in interp,eting a clinical interview
. protocol, 'not every datum is,to be taken as just as valuable as every ° .
other, and other data must be brosght to bear to make choices among
competing hypotheses (Lasley, 1974). 1In dealing with such problems,
‘clinical or case studies again make possible a more direct and more . .
intricate connection betwéen theory and data than does the experimental
method with its formal, decision-theqry apparatus. It is well to note
that, in the natural sciences, the term "experiment" is not usually :
defined so narrowly as in the books on experimental design, and reports
‘> on research do not follow such rigid canons as are common in experimental .
psychology and education. (See Driessen and Derbyshine, 1966, and Walberg,
\ 1966.) 1In education, it might seem that theoretical training and back-

K ground is less needed to read research reports than in the natural scienres.
fo read most experimental reports, howeveg, a knowledge of statibtics is
required. - To read clinical or case udfes, prior 3tatistical training
seems to be little demanded. This may contribute to the feeling tnat they

' are less scientific. However; as I shall attempt to show in considering
" three distinctive types of studies, appropriate kinds of theoretlcal know-
ledge are needed to make sense of each type.
Each type has a theofetical or praétital ptrspective from which the
¢linical researcher starts, and an attempt will be made to point out what
\kind of changes in perspective the. researcher is forced to make by the
events of the clinical study themselves. It is regrettable, as Campbell
points out,, that few writers of cafe or clinical studies keep such a tally
. ' fot the reader, although a reader who is alert for such changes will .often
find .evidence ‘of them. However, following Stake's suggestion that the
audience of the case study needs to be able to relive the experiences of
the investigator to some extent, we urge readers of the mext thre- scctions
tc keep their own lists of any aqsumptions which might be challenged by
' the kind ‘of clinical data discussed. However, the real test would be to
read the original studies. It should be emphasized that clinical studies
i’ have a powerful contribution to make to professional knowledge; however, the
contribution does not lie in summaries or cong¢lusions but in communlcatln
new ways of seeing througn ,thougntful readlng. :

In the .first two examples, Erlwanger’s study of Benhy:s conception of )
arithmetic, and Piaget and his colleagues' study of the consetvation of
continuous quantity of liquids or plastic substance, the aim is a kimd of ]
commbn-sense epistemology--the view that in order to communicate a cgE;ain )
sense to someone a well-chosen set of examples is required.. Many teachers

, . have long known from practice that conventional ideas about mathematical'
knoyledge are suspect, and it is only the research community in mathematics
education that tends to keep them alive. 1In the third example, from recent
Soviet studies of matnematics learning and teaching, it will appear that .
epistemology is of little interest and that the praotices of the hest .
. teachers are what are being tested. Wnere they fail, imaginative remedies
are sought, but no general assumptiong about learning'are either being tested
or developed. Only after some familiarity with examples of such major types
P of clinical studies can we address the questiont Of what use are these

' ,studies to teachers or te&cher educators in mathematics?

-
-

In writing’ this monograph, I am responding to an historical phenomenon--
the growth in attention given to particular studies--and I cannot defend.
all clinical methods nor recommend them in the abstract to practical

’ ’
-
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educators. After years of trying tq teach clinical observation and
interviewing T can only ‘make this general prediction A few readers

will find something.of value in what others have found; somewhat more
readers wifll find clinical methods useful if they earry them out themﬂ
selves, orignted to problems of-personal interest, but many mgrq are

likely to ‘find*that such studies only reveal individual variations in
learning of no general value and of little JAnterest. A few readers will .
discover that they open the doors to understanding the human mind. ’
Proceed at your own risk!

o ’ : v > . .

L ]
Erlwanger's Studies of Children's Conceptions of Mathematics »

Stanley Erlwanger doctoral dissertation (1974) contains six case studies
of children's corceptions of arithmetic which are being published serially
in' the Journal of Children's Mathematical Behavior by the Curriculum
LaQoratory of the University of Illinois at Urbana-=Champaigm. These ’ .
studies exemplify a growing number of other studies.of child¥en's arith-
metic in that jourhaly in the Arithmetic Teacher, and in other publications.
Thev are more directly related to scheel curricula than Piaget'd studies

and more detailed in documéntation‘than the Soviet studies-—the two .
other major types to be considered im this monograph. Erlwanger's studies
have *also attracted cipsiderable attention and generated at least two
different interpretatfons, ‘as, fQr example, can;?e seen by comparing my own
editorial notes in Erlwanger (1973) with those #f Davis in Erlwanger (1975).

Davi$ assumed that "mathematical understanding' means "correct understanding"

according to current views (not, for example, prehistorical count1ng, numer-
ology, the Pythagorean theory of rationals, or even the Newtonian theory of
infinitesimals), and attempts to use artificial intelligence procedures as
models of thought. T accepted the child's statements carefully listened

to as tH& authority for what his understanding is and looked for natural
biological] processes to account for them. So one,shpuld expect each to
choose a different respoense to this remark by Wittgenstein: .

It is clear that we can make use of a mathematical work for a
study in anthropology. But then one thing is not cleaYr:—-
whether’we ought to say:. 'This writing shows us how operating
Va with signs was done among these peoplYe,' or 'This writing
shows us what parts of maghematics these peoplé had mastered
(Wittgenstein, 1956, p. 97el} : ‘

.
\Y

We cannot hope to resolve such controversy here, for each reader brings
his own preconceptions of the natu¥e of mathematics and of ways of improv-
ing mathematics education. Erlwanger notes a similar contrast in pointing
out that recent reforms in mathematics education have been "directed at
increasing children's understanding of mathematics,'" and that these
reforms ‘emphasized unifying ideas by introducing certaln new content and

refining symbolism. Then he cftes Brownell (1944a), Buswell (1949), and

Ginsburg (1972b) in support of the alternative goal of discovering how
arithmetic is understood from the-child's point of view. Presumably, both

of these theoretical perspectives are opposed to the behaviorists' view,

that arithmetic is a set of responses correlated ‘with a get of stimuli,

which seems to characterize the Individually Prescribed Instruction (IPI)

mathematics program which Erlwangér's subjects were studying in:school.

«—
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In his introductoﬁ!‘chapter and in the first case study (Bcnny). Erlwanger
declares his alleglance with Buswell s view 'that meanings-in.arithmetic are
what children "think and not necessarily what adul think . .
) - : : ' '
' Benny, a L2- year-old “had recently completed 5everal of the IPI exerc1ses
‘ ‘on decimal fractions. While he adfiitted ‘that he usually didn't get them
. . right on the first try, he claimed that, after having his answers checked,

o

he-could figure out- what was wanted on a particular pages (His t¥acher
supparted thdis claim, 1nd1cating that he was a hard worker and’ one of the
best mathematics students in the fifth-grade. ) . In explaining his work on
' one proBlem, Benny says: .. "\
- \
Wa1{ I1'1l show you someth1ng . This is (has?) a key. Lf I cver.
get this one (i.e., 2 + .8)...actually, if I put 2 8/10, 1 gél
it wrong Now down here, if I had this example (i.e., 2 + 8/10),
and I put 1.0, T get it wrong. But.really they're the same, nd
matter what the key says.

. ‘1

t

and later, - |
If,I did-2 + .3, that will glve me a decimal; tha will be .5.
If I did it in. pictures (i.e., phys1cal models) tHat will give *
me 2.3. If I did it in fractions like this (i.e., 2+ 3/10),
tbatkwill give me 2 3/10. (Erlwanger, 1973),
So he knows the answer that we consider the right answer, another one we don't
accept, and still another answer that we might accept but’ she key doesn\t. .
Since his task is to put down the one answer that the ke# accepts, fie fgxls
\he hgs to explore all possibilities, and since the key accep{s some answers
that he doesn't understand phys1cally, he doesn't take, the phys1cal way as
‘a final authority It reminds me a little of these queries of Wittgen- .
ste1n 's about whether we agree on what agreement means:

Would it be pogsible that people should go through bne. of our
calcylations today and be satisfied with the conclusions, but

»\ ) R

tomorrow want” to-draw quite different conclusions, and'other
- ones again on .another day? . N N

0 ’
.

‘ )

Why isn't it imaginable that it should regularly happen like' .
’ . that that when we make this tran§¥tipn one time, the next time, 4
) " '"just for that reason, ' we make a different one, and therefore !
. (say) the next time the first ong again?... It might be_ cdlled
// - d need for variety...Are our laws of inference eternal and

. immutable?' (Wittgenstein, 1956, p. 45e). . IR
Now many mathematics educators have #rgued that once a child has’under-

" - -stood the physical basis of an operation, he would always be able to
perform it in a meaningful way. We see thaf, whiﬂe Benny is not alternat-
ing between what he calls the .decimal way,. the physical way, and the
fractions way, as Wittgenstein s remarks might fancifully suggest, he 1is
not.conelstently using just one way, which is the main point of Wittgen-
stein's questioni g the assumption that consistency is, only natural. In .
fact, for Benny's situation, im which the key* arbitrarily results in"his
getting marked wrong for responses which make sense to ‘him, the more’

; . 10 |
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different ways he has to try, the more appropriate becomes' a trlal and-
'error strategy. This he makes wery clear in his perceptlon of what is -«
necessary. . ' : ) . -

', . ’ ; 4 ' i

This pqttern, which is amply stpported throughout the case study, also

eliminates. another common assumptlon made in teaching arithmetic--that

right answerd represent correct understanding and wrong answers represent

\ either mlsunderstandlng (if frequent-~for IPI; if more than 20% of the -

oo _ test questlons of 4 given type) or carelessness (if infrequent). We see’

* \ that Bennv's three ways ol interpreting dec1m§1 fractlons could result

' . in his getting a page 1007 wrong by dny ar1thmet1ca1 ‘standards (2 + .8 =
1.0), or 100% right (by what he calls "in pittures"), or 100% wrong-by-the~ .
key (2 + .8 =12 8/10) but right- by the-definition-of~decimal-fractions.
One might thimk- he could more eas1ly find the pattern that answers right-
by-pirvsical-models trivially reduce'to answers that are right-by-the-key.™

) However, it is clear that,he has'nof found” that generalization--after -

) ‘all, what is "trivial'"? One is ultimately led tESthe cdnclusion that the

different styles of notation (e.g., .8 vs. 8/107 are not the only®™thing

" he pays attention to. Clearly, he also pays attention to meanings (e.g.,

he knows that .8 means 8/10 artnough he algo~knows that only one of such’

. equivalences match the key). Sof, one must entertain thiQ:ypotnesis that,
sometimes, Benpy responds to questions in terms of meaniygsg (physical
pictures or equivalencesy and sometimes in terms of the patterns Q;_the
symbols. So we reject .the hypothesis that symbols are always meaningless
or always meaningful, and that'may be the key to why he cannqt discover

+ ° the pattern that physicel meanings ("in pictures") always gije right °
answers. Clearly, the other ways do net always give- wrong answers. _ Recall
that asuch gifferent ways are described by Benny in the discussion of a
~ ~ given problem. They appear to enter his mind briefly while facing a given
problem and not to function consistently as exclusive ways of thioking for
a whole set of problems or for a.week at a time. We can aiso reject, on
the evidence of Benny"s testimony, the comgon view éhat chlldren usually .
know when they doh't .understand Hoy to do a problem. Note. that the way we ..
state that assumption implies the awareness of a single, canonical proceddre '
for d01ng a problem. Benny clearly cannot tell whether he knows the right,
way to do a problem until he gets his paper checked. It might be said, in
contrast, * that Benny\feels more or, less the same about different ways of
dealing with @ problem. FrOm his perspectlve, not ours, ;understanding how
. to do a prablem is having a way to proceed come to mind. In Piagetian

d terms, this is assimilating (with ar without accommodatlon) the problem

to a general schema of some sort which simultaneously directs the procedure

and givesa sense of recognltlon or of understanding.

\ - - :
- . Piaget"s Clinical Studies of the Concépts oi)ﬂpmber and Physieal Quantity
R
Having seen in the last sectien how the interpretations of’ Erlwanger s case
studies are reldted to fundamental “ideas about the nature of mathematical ™
knowledge and learning, “it should come, as no surprise that Piaget's clinicalk
: studies actually have ‘the development of such epistemological ideas as their
* gq@l Piaget calls this thrust of his work "genetic epistemelogy' because 9
- he is developing a theory of the origins 0f mathematical-and scientific
‘ knowledge, which relates the histery of Western science to “hhe development -

N * of quantitative and logical ideas in the indivgpual (see Easley) 1977). ' /

’ . . /
: - 711

. \ . . ~

P



. ' .
y ) . o .« ’-\ ’ A - Y
. . .

. . « 7 .
. e L] ‘f - -

: His theory is” mdre 1ntricate by far than the more familiar psychoLogical 0 ¢
theories of learnlngihyvgondftlohihg +ear example, in reqonstructlng the : ..
detailed processes and'séqqéﬁ e§"of children" s.thoug?t, he makes usé of
- fundamental modern mathematical. congepts (like transformation groups or - »
-, Boolean Algebra, instead of the numerical mathematics: of probaollitv or
mkasurements. ) hducators ‘and psychologists whd attempt to operatlonallzt »
e Piaget's stages of, intellectual - deve lopmenk 'miss fthe main p01ntv As”
Leahy (1974) points .out, Piaget and SZeminsAa s book, "The Child's_ Ce
of Number (1952), contains a far more detaaled quasi- athem%tical discubsion-
of the way in “hich children deve lop concepts of pQptinuous and discon- N
, tinuous. qudntities than has been ‘tonsidered, or even understobd, by* most ,
- %ngio-Xmerlcan psy holegists. The probﬁem is in part that few onople ire  *
- ' prepared for the way 1n.ah1ch Pigget uses modern Mathematlca7 concepts &0 ) »
model~ children's. early sgnsory-motor development and-‘thelr later deveiop~ ~
L. ment of such traditiona mathem al concepts as aumber and continuous b, -
. quantities (like” “amQunt of liqugd ‘to drink, werght, an"th area, and . R
: . volume) In part, the proplem i{s also that Piaget's theory of knowledge " L
is non-empirical. That is, he doe®not acgept tire prevalent view that -’ ‘
knowledge-arlses from the imprinting of 1n§’2mat}en from the. environment ) .
on the orbanlsms ghly plastlc storage svétem. Instead he.believes that - )
the "reflexes' which organize the heo-nate's sensbry -motor sydtem selectively .
Y assimilate agpects of the environment to whiech they can, respond 4nd tbcreby
. provide a functionaW interpretation for these aspects. ﬁh the process of
fhe interaction of the organism with it5 environment, new sywrtiheses, tnlarge- S :
ments, and reflnements of these structures are produced. ‘In. shqrt the ., ’
organism constructs a,knowledge of its egvirbnmént from its own prior -
organizations, and can only know what it can assimilate, to its own organlylnb g
stryctures. s radical - construcf1v1sm faces numerous questlons.n why is ’ ’
the pathway of, infellectual development so similar in individuals who arer ,
raised in very di'fferent env1ronmedt ? ‘Why is. the newly emergent organiz- - ! < 7
-ing%tructure in a child ndét immedialtely available for use is the whole ° ~
range of 51tuat10ns to which most adylts readlly apply it? Why do many )
. striking examples’ of intuitive concepts- that.Plagét describes in young
children resemble concepts which have only recently been recognized as _ -
powerfiul tools by mathematicians and SCIEHCISBS e.g.,- the nonpermanent © el
object,«the displacement group, conservatlon of momentum'and energy, a-
concept of speed not equivalent to the ratio of distance and time, and, -
with somewhat older childtren, atoms, action, aqd spatial concepts of
. sgravity? Are these merely read into tﬁé behavlor of children because of <
their impor#apce in Western thought*, or do they represent .part of a unl— ' )
. ., versal repository of concepts -which adults aan draw on dnd fornulate in . )}

thelr spec1alized construct10ns° . . b
. " ." N ‘: . . . ~ .
N v - . ’: ¢ ‘ .
L4 . o > ‘- ‘ . v
e ' = —ﬂﬁ . Yo
: A . . . .
*1f so, show does that differ from ethologists readlng 1nto vaflous postures__
' - of animal behavior humanoid concepts such-as "threat," ’appeastmept " _—
"begging," "displacement," and on a longer time scale the "bonding" of a * T
pair of birds? From the new science of-ethology, Wwe mav lcﬁrn tbat'the . st
question is not whether it is "read in!' but whether doing so makes a . ‘
useéful theory, which- raises imglicitly” -another problen name*y how the - , ' !
theory can’'be wsed. ' .. ceT .
' 4 « * N . . ’
. v ’ ! - D .
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Mathematics educqtors, one might think, would.be extremely trhterested in a,
L - - theory that“uses concepts of '"new math" to explain how children fndepen-
. " °  dently of any schooling, construct °concepts of “0ld math." ‘But no one-
. " * 3eens to have taken the effort to Wwork out a- detailed expositlon in con-+
-~ Vventional mathematical .form of more than a few fragments of the theory
P1aget proposes, and -few have gven tried to dlscuss the impllcations of its
- mathematical basis for understanding the nature of language, mathematics, ~
’ and culture. "'As Papert suggested, the problém ay lie very much in the

mathematical concepts are ideas whldh must have been t o>them or. .~

physical- env1rbnment (Papert, 1963) o : g EEN c
Among the(bes& known of-{hose who attemp; to summanlze Plaget S theory and
\ cri icize it is Jerome Bruner. His' attempt to expresqbthe theqry is repré-
, ) sentative of the difficulty, educators and psycholbgists have with Piaget s

. - \ theory. He saysy for example,. ’

. "

The adhievement of this stage (conservatlon) permlts the child. .

to performlndditlonal operations,” operations, conce;ved by Piaget

to be organlzed in the form of mathematical groupings. One of

these groupings.involves the multiplying}of relations. One such =~ °

. form of the multiplying of relations is~callé Edmpensation v .

That is, the child when confronted with a tall, thin beaker and

a short, fat one filled with liquid to a lower level supposedly

multiplies greater height' by 'lesser width' and cqmes out with .
*; equal quantlty QEruner, 1966, pp. 184-185). o

e\
it

hE Y

In order to-compare this statement withsthe or1ginal theory of Piaget and
Szeminska and-also to pave the way for considering more recent, developments
in the theoryy we need to-explore brlefly the mathematical ideas involved..
The term-'"grofpings'" refers to structures Piaget defined which bear some
relation to a group, as defined in modern*Algebra They are not however,
closed structures, for operatlons on the elements of the graup aré limited
to " nekghboring” elements rather than defined across the .entire set of
elements.* As Witz (1969) showed, grouping I is a semi- lattige an s tab-
| " lishes a partial-order relation on classes of objects. Another grouping

partially orders ,relations among objects angd anothetr orders two relations
; . at once,‘flving rise to what Piaget calls" multiplication of relations.

« : - -
The multiplylng of relations is an 1mportaht process in muchtof
- P'iag-:l conceptualizing of children's thinking, but Bruner seems .to be . -

saying that the multiplication of relations can take the form of & compen-
. 8ation which permits the child to' compute the’equality of a quantity of
liquid before and after the transformatioms of its shape by pouring it
into a’'taller, narrower cylinder.. Piaget.and Szemingka, howeverg are quite
4 explicit in their statement‘that this is impossible. It is not thatsthcy
‘. ' ~dre looking for a logically .sufficient argument for congdetrvation, such as
t T .might be bad from a formula for the volume of cylinder or from an axiom
| o of the incompressability of liquid. On the contrary, they have found that
| ’ a metrical concept of volume does not appear until childrqn reach the adge

.—.’. © novel- uses tg. whlcb Piaget .puts lagical and other athemat oncepts -
" Alsoy his theory confllcts strongly with the’ prevaili childrén s

_ which, they must have "caugRt" from theif cultural_enviromment, rather than Y
_ideas whic¢h they developed, themselves’ by interacting malnky with their ool




e of abodt 11 or 12, and they are trying to explain why, at around 6 years
"of age, most children acquire an unshakable belief in the conservation of )
) the amount of 1iquid (e.g.» amount to dtink or amount of substance itself).
, ‘ This appears to be a nonempir(lcal concept, in the narrow sense that.such
children couldn't, have generalized from experiments with weight (sensed
. kinesthetically or even by means of, scales) since. at this age: they still
don't believe in the conservation of weight, or length, or any other’
§levant "property" ¢xcept possibly the number of discrete objects. Idbtead
of a.logical proof or ‘an empirical generalization, what Piaget and Szeminska
are seeking to explain is the development of thegadystem of concepts which
+ have the psychological effect for the child of cing the consegvation of
- substance over transformatlions of shape a selfs ev1dent, necessary principle.
In order to have this functlon, ag Witz.(1969) points out, it is necessary )
to cennect the mathematical structures with .the 51tuat10n in which the
clinical interview is conducted. In parntieular, we must demonstrate the -
application of these concepts to the comditions of the task in which ‘the
conservation of liquids (or other continuous substance) is 1nVcet10ated

. " . We shall take, however, an approach to this, task that ‘should be moré
J famlrijr/xo mathematics edycators than Piaget's own
- : Ty

Although relations of various kinds (numerical, logical, funet1onal,
gﬁometrlcal, etc.,, as well as familidl, politicgl, and other kinds of
social relatlons) were familiar objects of discourse for hundreds if. not
thouSands of years, in the early 1920s, Norbert Weiner, later the -founder
.of cybernetlcs, propgsed a new déflnition of "relation" in terms of the
‘sconcepts of set theory. His definition, thaf a binary relation .is any set
of ordered pairs of elements which are all members of a given set, proved .
to be exceedingly useful.to mathematicians in variodf branches of the sub-
ject, fittihg in well with-the growing interest in both®logic and set-
theory following the impressive work of such men as CantqQr, Bools, Hilbert,
and Frege. One important distinction that emerges from this definition is
the distinction between the subset -of the given set consi’sting “of all first®
components of the ordered pairs belonging tb a relation and the subset of
the second components. Starting from this deflnltlon, relations may be -
‘divided into four types based on the type of correspondence between the set
of first components (domain) and the set of second componentgy (range) of the
** ordered pairs in a relation. Some relations have a one*to-o:L correspondence, .
e.g., ''present monogamotis husband of," which maps the domain of monogamously
\ married, woqen into the range of monogamously married men,, or "integer suc-—
. - cessor of,'" which m3ps the domain con51st1ng of all integers into itself.
;} . "(Domain and range afe identical here.) Some relations 4re many-to-one, suych
.as ''square of'", which maps the domain.of all integers into the range of
square integers. (Thus (-2,+4) and (+2,+4)'both belong to this relation.)
These first two types, toge'ther, congtitute the kind of relations’ called'.
functions. Other relations are one-to-many, such as "offspring of', which ~
‘. maps the domain of parental couples into the range of people. "The fourth
kind.of relation consists of many - to-many relatlons, such as "brother of"
or "sister of" and ' greater than" or "smaller than.' :
One special kind of many-to-many relations, consisting of all the sets of
ordered pairs that can be formed between a first set taken as the domain

~ and a second set taken as the range, 1Is called the "Cartesian product” of
~ . R - 2 , .
" ' .
" : g E 4 R | )
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the two sets. For example, the Cartesian produ

of (1,2,3} and .{4,5,6}

is, {(1,4), (1,%), (1,86), (2,4), (2,J), (2,6), (3, 4), (3, 5), (3,6)} (see

Figure l)

2.

w»

) s
, © 6 T (1,6) . (2,6) (3,6)
{——) (5<6) < Qi<z,5<6) 2<3,5<6 .
. e
% A relation N * o . .
' on {4 '5,6} R (1,5) - .. (2,5) (3;5)
. (————) (4<5_')~<"'\ £ 1<2,4<5 : f223f4<5;r .
. . . | .
P A (2,4) (3,4)
‘ ? e e
. 1 (1<2) 2 (2<3) 3
¥ .o Zf’A relation on {1,2,3}T§
a \ » "
- 1 ‘ )
/Tiguke 1. The Gartesian product of two sets {1,2,3} x {4,5,6}

relations défined on those sets.

-

and (in the ovals) the Cartesian product of two asymmetrical

e ~

* The Cartesian product of two sets of ordered pairs is a set qé‘ordered .
pairs whose components are all the ordered pairs formed by chBosing first
members from the first set of ordered pairs and second members from the
“second set, i.e., it is a set of ordered pairs of ordered palrs This 4s
what the Cartesian product of -two relations ¥s, since a relation is a set
of ordered pairs. Does this concept adeguately represent the result of what
Piaget and Szemipska and others from Geneva refer to as "multiplication of
relafions"? With Weiner's definition, it cannot be qtherwise. However,

. Weiner belongs to the positivistic tradition which Piaget and his colleagues 2

roundly reject.

il

5

» o, €

_ o
The Genevans refer to "logical multiplication"

as a general operation* and

2.

*Piaget and Szeminska (1952, p. 244) define logical multiplication as express-
ing "the fact that two or more attributes are considered simultaneously."
Inhelder and Piaget (1964, p. 178) explain that such”a "cimple multiplica-
tion" is abstracted frow "complete multlplicatiOn", i.e., complete cross-

’ classification.

»




"multiplitcation of relations! as a specialized form of the former. If weé . °, *
cheose to represent By a Cartesian’product the result of "logical mulgi~ *°

Qlication,” we should note thdt logical multiplication is not cogmutative

incée for any {wo séts:A and B, where A is not identical with B, A x B is .
no& the same as B x A, Qgr the order_of all the ordered. pairs in the product
would be reversed The readgr can also convince himself or herself .that
forming Cartesian products of nonidentical sets is not'associative either.

Why then would mathematlclans use’ for .this set a term like "product'', and

why would Piaget use for the operation a term like "multlplicstlon”7' The

answer is that, if .cardinal ygbers, are defined as Russell -did, by a

process ofﬂgr@uplng togethdr a ets.whose elements *can be placed in 1-1
correspondence (thus defining the nu | ple; as the set of

all doubles), then the product 'of any twpo ) Yers A and B is the _
cardinal number C of ¢he Cart@sian product of twd sets whose cardinal numbers -

~ are.A and B.* While Piaget and Szeminska reject Russell's definition of . L

" cardinal number they seenf to accept the idea of multiplication of sets
whlcn Russeil s def1n1t10n.emplo,s (they call it "logical multlpllcatfon .

- ¢
sotice how the concepts of ”logiﬁal multlpllcatlon' and ' Cartes1an product"
differ from the common defin)tion of a "product" in many elementary school
textbooks as the sum resultingqfrom so- many repetitions of the addition of
a given nunber to' itself and of "multiplication" as repeated addition.: The
iaea. of repedted addttjon enables children to fill in .thermdltiplication
tables and check results of “the multiplicatiorn algorithm by another method,

Sut it; is of no help in understanding,.for example; how areas and volumes

are found by multiflicatiom,,or how veldcity multiplied by 'tim¢ yields
distance traveled (It is:.surely from applicatiomas of multlplication like
these thdt a maglcal view of arfithmetic frequently arises and that
children become unable to decide, in a word  problem, which operation te
perform on which pair of numbers. ) With set models of lige segments, oune
can’ construct by" loglcal fwultiplication-set dels of aress, volumes, and
_other puysicai qua1t1t1es, and even make meaningful the multlpLiCdtlon by
transcendental numbers [ik® pt. According to Piaget, however, the abstract
theory lneeded to spell out these conceptions explicitly is.implicitly '
developed by ail chlldnen in their out-of-school thinking about their
environment.? The prpblem is that they are too often unable to connect

* their intuggively developed notions of quantity with the expllc1t arithmet&c
of scifool, . . ,

Where Piaget-explicitly breaks off with Russell and the extreme formaltsmn .
of much iogical theory of the foundations of mathematics is not in terms
of tuie structures and concepts of. sets and logic but with the’ llnguistiC'
bases of those ideas’ proposed. & formalist and logicist phlLosophers of
-mathematics. He says that loglcal -fogms do not arise from language bz;.irom (i
the coordingtion ofr altions, and "tHe essential notions dhﬂCh charactéri

* modern mathematics are much closer to the structures of 'ndtural' thought
than are <the concepts useg in traditional mathemat#cs'' (Piaget, 1975).

. , “ N ,

. hor example, he~argues thét‘the way in which actions at the.sensory-motor,
level are coordlnated by.assimilationt schemes has a relation with the.laws.
uf the logic of sets. "Two schemes can-tc coordiaated or disasscciated
(undon). 2ne can be partially nésted tn the other (inclusion), or only
have a part in common with the other (interseﬂtion) ... and once a scheme

.. \

-

-
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1mposesla goal an an actlon it is contradictory [exc%u51on] for the
subJect\to 80 in the opposite direction (Pidget, 1975). He not only
argues’ that ‘the more contemporary concepts of logic have thgir basis in
the psychology of young children's. action, but that it’is through the
. " progressive organizatibn of action schemes that such logical notions as
. these are strengthened and comblned in various ways ito form the concepts
R of traditional mathematics. Number thef is not a pﬂlmltlve dbncept that
is easily understood, or easily related to countingJ It is a complex”
_.synthesis of a number of separate but. more fundamental ideas. Further-"
more, the concepts oﬁtcontlnuous quantity of liquid, amount of a blaskic
T rial, length, ®eight, and volume of solid objects also develop in a
systematic order from, and by the natural functioning of, the same funda-
mental logico-mathematfico operations which, in turn, were ultimately *
derlved from the primitive logic of the interaction of a551m11at10n
schemes. . § . : Do '

-

v

\rs

. ’ . . .
.

. Piaget (1967) :B responses»to Bruner. (1966), as we can new understand,
Strongly objected to any identification of the multiplication of relations
. with conservatdon of quantity. But Piaget and Szeminska (1952) had made
their objection expllClG long before. They wrote then: .

.
‘

It is -obvious, however, that even if the opération of logical
p / multlpllcatlon of relations were carried through by the child ’,
. ‘/ of "this stage (nonconserVatlon) it would not suffice for the
’ construction of conservation of"the whole quantity unless the’

height and width were simply permutated. A columm of liquid
_whose)height increases And whose width diminishes with tespect®

to ot column_may be greater, equal, or less in vo lume v
R than the other (p. 16)
= - . . & .
- In the- light of Piaget and Inhelder (1974) and Piaget, Inhelder, and .

- Szeminska {1960),. in which the concept of volume is sharply dist1nguished"
from amount of substance,.l suspect-that this reference to "volume" is

. cne the authors would now like to change. With this distinction in mind,
"and recaliing that there are no‘-instrumemts or procedures with which to y
measure "amount of supstance,' we may be puzzled by the next two sentences

C following the two j‘uliquoted” (Piaget and Szeminska, 1952): — -

In order to be ‘certain that there is equality’ the intensive *

gradudtion must be completed by an extensive quantificat}on,

s \ i.e., it muss be possible to establish a true proportion, and

+

not merely a qualitative correlation, between the gain in - ~
height and the loss in swidth. In other words, there must be
partition of some kind tg supplement the coordination (p. 16). .°

: !
How IS extensive quantification with true proportlon poésible for a child *
who has'no way of assigning numbers to amounts of substance7 w T

. From what we have seen earlier, the multiplication of relations bears.nd”' -
structural resemblance to a‘proportional (non-linear) compensation between *,”
the metrical .quantities, height and width. Such compensation would- be

represented Ey continuous graphs (relapions of infinite cardinality) shown
in Figure 2. s Yy \

¢ e~ . ~ ey
' . 13 { *
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Metrical
height of
cylinder

Metrical width,of liquid
. _ , N
‘Figure 2. Lines of equal amount of liquid in cylindrical

ntainers,.
\ M : N

<

\ Such a graph depends on measurements of length, although it does not pre-
" suppose ‘a measurement of volame,  even though the formula for the volume of
a.dylinder might be the most familiar way to derive'it for us who know it.
. Ho evér, conservation of length does not appear.uatil about age 9, 'S0 the
mys'tery. still remains of how- true proportion between length and width can
be conceiveﬂ by the child before he has achieved conservation of length

Al

A1
.o

We need an exampze from,Piagat s clinical interview reports that would show
ch;ldren use the more modern logico-mathematical concepts they have
eloped themselves. Here is an excerpt from an interview with Edi//aged
6 years andrh months (Piaget and Szemimska, 1952, pp. 15-16):

1
- \

Q}aSS A was 1/5 filled*-see Figure 3)
Int,: Pour a$ much orangeade into this one (1) as there is
there (A) . -

- ¥

. Edi: .(Filled L to-the same lewel as that in A.)

P

L)

w18 .

> ¥




Int.: Is there the same amount sto dr}nk?

. &

Edi: Yes.. . t

-

tnt.: Exactly'the sa}e? -0

No. ° ° N
. ”~

Edi:,
- " b

Int.: Why not?
- ;n.
Edt: That one (A) is bigger. - - .

»

-
. P

Int.: What must yau d6 to have the sdme amoun’t?
. N ~ ! N ‘ & f
LY - ’ RN
Edis ~Put some morg in (filling L). .
o]
Int.: Is that'right? s, . 1

4 ' .

Edi: . do. - '
Int.}  Who has more? ~ . '
- ’ o > v:‘. ‘a Cae : . »
-Edi¢ . Me (pouring some,back). MNo, the other.one has moére .
o (A). (He continued to.add more and then pout.some .
. pack, without reaching 4 satisfactdry conglusion).
' 4 PR : . | .

Fighre-3; '%WO‘vessels used in

quantity.\\\\ .

. [y

kY

Aruitoxt provided by Eic:




i height. That is’, a pair of elements from the height r

. . 4 \
P N . ,
~ - * . .
. B . ¥ .. . ‘ . )
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Of Edi's réspofses Piéget and Szeminska (1952, }. 16) wrote as follows:
(Line numbers from ptotocol excerpt above ‘have been added in the 'quotation.)

‘
\

‘..the child begins ... by filling the narrow %lass L to the sahe

level as "he wide glass A (2) ... he then disgovers, -by.camparing

the two. tolumns of equal height, that one (A) is wider'than the * .

othér (L) and decides that the first glass (A) contains morg be- e
’ causefit.is bigger (8). ' Thus a secondﬁreiabion, that of wthh, is

explicitly brought into the picture and 'logically multiplied' with

that of the levels. 1In order to a;five at equality, the child .

pours a little more liquid into glass L" (10) thus-proving the <,

. Teality of this multiplication- of relations,

g .
.

\ _ , i ’ v
‘At 14,, pouring some back, he continues to relate less,g}qth to greater
lation are comhined

with a pair of elements frem width, first transforming theé level .in ‘one

direction and then ip ‘the, other.
=t R

.
a

' &

. i . . [ \
To obtain a rigorous solution to the question posed to Edi, an algebraic
relation between height and width is requjred (Figure 2). " Hewever, the’

. concept of metrical quantity 'of liquids, developing before such measurements-

are ‘'made, requires an equivalencé between partsgof the liquid before and
after transformation of shape. Piaget describgs the- typicali partition of -
the quantity of liquid into two pagts, the first of which kas the same -

shape and same dimensions before and after the pouting transformation
Xmarked "part unghanged".in Figure?4) and the second of which'is transformed
in shape. Once the*child recognizes that the second part is transformed
from a wide crescent to a’' narrow dylidHET'(Figur%!ﬁ)d the compensation of

. - - ' .

.
) ' 0

narrow .,
. cylinder

wide art

. crescenxl unchanged

Figure 4. The partition of a quan;iky af liquid, before and
after’ transformation of shape, leading to extensive quantity i ) 4/\
and conservation-of Muantity. ; -

2




the two dimen51ons is assured. The cpncegt ofﬁan extensive, additive quan-
tity, the Genevans argued, is thereby estaBlished for amount of substance.
Evidence of the recognltlon of this-.compensation, however, was rarely found
in the interviews I bave conducted with -children, and Plaget and Szeminska
. gtve ‘only one example. However, as the bjolMogist needs ‘only one flower to
explain the reproductive processes of & plant, sa this ofie example serves
to, show how it is p0551ble that this compénsation idea emerges ‘and that
csnservatlon of amount of ‘deformable substance (liquids or plast1c1ne like
materlals over transfofmatlons of shape becomes evident. ,

.

“~ . .
This extensive quantitative idea does not, however, immediately trans fer
to conservatiorr of weight, and the techniques of liquid measurement are not
automatically $rakped. TFurthermore, conservation of,volume of solids by
displacement of liquids does not appear until after 36 or 11 years of age.
These quantities continue to conflict sharply with k1neschet1c systems in-
volved in feelfng the weight of someth1ng and in pushingyagide water (thus ,
generating a volume by the movement of a surface). Kinesthetlcudeep-sftuCF
tures (Witz, and Easley, 1971) tend to restrict the applicability of the”
operational schema of continuous quantity until about the age of- 12 14
(sée Piaget, 1974, . 3), - . ,
’ 7.
* One further ﬁ%velopment ofAPiaget s, theory (1976) was stimulated by the
_ recent. development of the mathematical concept of category (McLane and
“Birkoff, 1967)-as a new unifylng concept, Since’ categories arise from
morphisns which, in’ ‘turn, arise from systematic corrgspondences, Piaget
was recently motivated to look for uses of’ correspondences in the deyelop*
ment of intelligence. Among other th1ngs, he and his- colleagues considered
whether estaollshing clear correspondences between parts of a piece of
plastic1neras it unﬂefgoes a transformation in shape would assist in the i
developmerit of the concept of extensive, additive quantity and conservation
of that quantity over transformations of shhpe., When pieces were hroken -
off a ball ‘of plasticine and-added one-at-a- time to the -ends of what turns
out to resemble a sausage (see Figure 5), children‘of about 4 to S vears
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Figure 5. A ball of plasticine being transformed bit-by-bit
into a "sausage" to demonstrate the correspondence of parts.
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when In elder, Blanchet, Slnclair, and Plaget recently found (1975) that y

r thanzhéd previously been observed. Summarizing the implications
ese experiments, they wrote (1975): ' ’

_ The flrst of these implications is tnat one finds nothing.more
7// at the end of a movement than what was removed at the beginhlng 4
of the movement. This then implies a compensation between what‘
is additive .at the point of arrival and what-is subtractive
, at the point of departure... Lt is this compensation which was
facilitated by the technlques of sections 1 and 6 [involving S
demonstrations to the subject] but which is spontaneously
produced whén the subjects, pulling a ball {of plasticine] out
into a sausage, realize (belatedly) thay it is getting thinner: ..
‘m.ThEy understand —tiren, on the one hand, that they have done
nothing more than-displace pieces non-delimitedly ("all we did
was to lengthen it") from which, on the other hand, they under-
stand the compensation between what is added in length and what
is lost elsewhere (in thickness) This compensation (expllcltly
. formulated;by a number of SubJeCtS), whose appearance seems
mysterious since it is rot based on any measure, turns.the
rother way around as soon as tiue changes in shape are understood
-+,% as a result of simple displacements (therefore w.thout
L "productions"),..* (Inhelder, Blanchet, Slnclalr, and Piaget, .
19754 trans. J. and R. Easley.)

‘Here, we see real progress has.been made' in clarifying the mystery Jf a
metrical quantity which canfiot be measured. Compensationﬂ“and therefore
conservation, tome from a partition and a-torrespondence”linking. parts before,
during, and after the transformation of shape. Sb:it is the' visual and con-
ceptual tracking of the parts created by the partition that geherates the
certitude children feel about a quantlty they can't measure or compute.

¥The authors continue: .

BN

-and extensive and additive identities inhe in commutability**
do not suppose at all, when they are applied to a continuum, an
effeceive preexisting partition. The displacement®, gnce under- H//“

This important point remains to be made, l?the Ccompensations

stood as simple changes of position leaving invariant the quantity”
while chanéi;gazhe forms, imply the representation of a possib}f€
. partition, ly between thé parts displaced and those that
remain in place; and that suffices to generate spatial compen- .
sations, extensive identities (''We didn't take anything away or
add anything," which _confirms the psyghological status of the
+ " identity operation +X -X = (), and additivity; for parﬁltive

. .
s

*This recemt observation was foreshadowed in Piaget and Szeminska (1952, p. 24).

*%A generalization of commutativity without reference to left-tight, temporal,
or logical erdeér. > . : .

' 1822 .
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addition; even when it ouperates on pieces which ar;msbL delimited
vut ‘which are delimitable, and even before all weasure or con- .
-struction of units, is as operational as the union of scts or
numerical addition (Inhelder, Blanchet, Slnclaln and Piuaget,
4375; trans, J. and R. Easley).'
We t.us see that a form of addition; not logical
precursor of continuoug quantity’.

multiplicatidn, is tive key
In tne same study, tuese autiors cximine
je relation between conservation of continuous and discontinuous quantities

find the cogaitive structures in both cases to be isomorphic. « In tne
case of conservatisn of number (Piaget and Séemlnbka,(lQSZ), carlier dis-
cussed in terms of the coordination of two continuous quantities, the overall
leagth of a'row of counters and the density of the couaters in a row (see
Pigure 6), is npw seen tb jnvolve correspondence. '

1

- Comparison roy

@ OO

Transformed row o O o

o. O

© o o o

-
5

Transformations of length and density of a row of
counters In a cdonservation of number clinical interview.

Figure 6.

Ag

\
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[4
Wnat is clear for educators from this selective review of dc¢velupments jn a
much more extensive literature, is that' the introduction into the mathematics
Purrlcula of sets, Carte51an products, relations, and functions in the name
of new mgthematics has not at all been applied Yo gssist in the development -
of the concept of extensive metrical yuantities. These ares »t1ll as .umed
to'be-given operationally (in-the sense of Percy' Bridgmanm, not tnat of
Piaget) by the:procedures of meagurement . - Hovever; the feaQ1b1LLty for
aaolstlng in and not -derailing the natural ‘psychological development of
the concept of quantlty, revealed in recent Genevan work4 has very preat
significance for educators (Piaget, 1973).

~

. N -

*See a.foreshadowing of this result in Piaget and Inhelder (1973, Cn. 8, 5. 4.
. ¥ .
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'Piaget's-theor; of the development of conse;vatlon of substance may seem
too %laborate for the phenomena.it explains. However, when' we look at the
operational stages through which children go ’‘in the attainment of the fullV
three-dimensional metrical concept“ volume (Piaget, Inhelder and -

N Szemlnska, 1960, ' Ch. 14), we see that fhe makes very.ample applications of
the distinctions-between logical and Aumerical- ultiplication, between
asymmétrical relations and additive quantitdesy <and between partitioned and
nonpartitioned space Briefly, the substages he finds in this development

are: »?L/ . [
= L]

Y

T IIA. Vonconservation of volume together with one- d1men31onal
. L comparisons. 1 - . )
. «
. IIB. Intermediate responses.« . .
1 -~

1T !
)

"IIIA. Logical multiplicatiom of relations together with conser-
vation limited to interior volume..

>

- IIIB. First appearance of metrical relat;ons. ) o
4 K3 ' 4 .
. . . - R .
IV, Mathematical multiplication of ‘three-dimensiohal measure-
- ments together with conservation of true volume.

.’ s 3
a4 .
These stages cover children from 5 to 13 years of age and cover the full

.. period of-concrete operations plusg the early portion of the period of formal

operatlons. Reading the excerpts from clinical interview protocols reported .

. in that chapte% together with the discussion of the ‘intricacies of the - |,

" evolving system of measurement arid reasoning, is sobering indeed for anyone
who ever thought that, in teacﬁ&ng children to measure with a measuring cup
or gradujted cylinder, he had taught the concept of metrical volume. S To
illustrate the difference\hetween interior .and extemor volume, we quotZ
the excerpt given for Jui fage 9 years and 6 months, substage IIIA). He
was asked to construct houses out of cubical blocks of unit measure equiva-
lent in size to a model but with a different base, and to predict how much
they would increase the level when plaFed in a basin of water.

Jui. Thinks ;het‘a block of 3 x 1 x 12 when compéred with ancther
of 3 x 3 x 4 "takes up less room that way."

-
~N

/
- . Int.: Well, is there the same amount of room inside the hoyse or not?
) Jui. Yes, because there are always th same number of br1ck!~whether
the house is put upright or lengthwise. .
Int.: How does that affect the amount of space;which it takes up in
the water? -
Y h
Jui: It takes up more room when dit's lying. down

— "(Piaget, Inhelder and Szeminska, 1960, p. 376)
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Other studies of the displacement of water by obje%ts immersed in it

the water tises is seen as due ‘to the weight of. the object immersed rather
than to its volume, i.e., the s#ace ‘it contains, This ¥act P1aget~attributes
to the degree that "bodies are understdod to be made up of particles..." - ° .
s (Piaget, 1974, p. 94) and these particles are arranged in a "tight" way
that ensures that the active weight and the passive being weighed down of
these particles are distributed uniformly throughout the body by a kind of
mutugl 1nteract1on of the particles. Obviouély, the same kind of considerx-
ation must bé given to the c0mp031t1on of the water if its r1s1ng'i§‘to be.
seen,_as purely an effect of volume. , , i
Here, particularly, we see a breakdown of the artificial barr1ers that
sepatate mathematics. an& science-in schools But, most important, we can
1 see that Piaget's research is not going to support any general pol1c1es as
* to whern certain topits should be introduced in the curriculum or how the
classrobm should bé arranged. \\TSere seems to be no escaping the impliga-
tions he has carefully spelled out that teachers would have' to undexstand _
rather well the process of ¢ognitive development and .listen to and observe
children carefully so as.to grasp with reasonable accurdcy what kind of
. mental operations-they are bringing to bear on a given task. Then they
1 could help children individually and in groups.explore their environment
in ways that stretch their cognitive'systems‘without penalizing them for '
s having siower development than” other classmates. (See Denis-Prinzhorn and
’ Grizea 1966.) - -

—

-Soviet Studies of MathematiCs iearning and Teaching

‘The recent tranglations of studies-of mathematics teaching and learning
by Soviet psychologists are not only interesting for- the contrast they
provide with the more familiar American and European studies, but also they
may enable us to gain an insight into the causes of our own educational and
psychological history., Rather than think of learning as hehavior change
" and teaching as the manlpulation of stimuli, Soviet psychologists studying
A mathematics have been interesteé\%h problem solv1ng and reasoning. Fotﬂ /
’ example, Krutetskii says: -
In conformrty with the Basic tenet of Soviet psychology that one . )
must study abilities within the activity for which the abilities /,——47’”~J
- L are being studied, and on the basis of an analysis of this activity, h
' we believed that exper1mental problems should, as a rule, corres-
pond to the nature.of a pupil's mathemat1cal activity (l976, p. 89).

. He also refers to the view of Engels that '"the numerical relations and
spatial forgs of the real world are the object of study in mathematics"
. (Krutetskii, 1976, p. 86). ‘While this does not mean that algebraic
relations and geometric theorems aré relegated to a minor role in favor of
statistical graphs and anatomical drawings (noth1ng could be further from ... —-——-
the truth), the extreme forms of .Platonism and formalism which underlfe modern

mathematics programs in the U.S. are not in evidence in these studiéds. .
! -
A .

(Piaget andsInhelQer, 1974; Piaget, 1974, pp. 88-89) confirp that the aﬁgunt .
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" engaged in Piaget's task,
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In effect, the cutriculum as it is, and Iong has been, conceived by teaqpers,

parents:, studénts,and administrators is accepted as the étarting p01nt of °
research. 'Improvements are sought within it, nof* by replhcémen@ of kt'

However, improvements within the traditional *curriculum and methods of B
teéchlng are nof sought by attempting to conceptualize mathematical undex-’
standing fferently or by putting aside the judgments teachers make,, ]
replacing their natural perceptivity with echanlcally made decisions, as

has occurred’dn many of the reforms and innovations in the U.S5.A. Rather,

it is assumed that teachers can tell which students understand patrectly

and which ones do not, .and wéll understand what is dlscovered or~1nvenced

in the way of improvements in pedagogy. The USSR may be the ‘last major

.country preserving a close relation betieen the academicians and- the schcel

practitioners. (England has just decided that all teachers’ colleges have

to be, university afflllated to-.be allowed to continue, and those that

cannot find a sponsorlng university must .close. ' It is feared that this may
result.in the same separaclon between schpols and .academicians as we now -~
find in this country.) . < )

When Krute'tskii attempts™ to isolate the components of mathematlcal ablllty
for the purpgses of investigating their processés, uiderstanding them
better in order to assist imtheir dqveiopment he $earches the literature
and comes up with the‘follogqng list: C S

An ability to shorten the reasoning prgceés, to think in curtailed
-structures. ) :

3 3
An abllltyato reverse a mental process (to transfer from a dlrecu
to a reéversé train of thought). *

Ej

N

Flexibility of thought-~an ability to switch from one mental '
operation to amother.

A mathematical Wilfory. It can be'&ssdﬁed‘that%ﬂiQLCharacteristics
also arise, from the specific features of the mathematical sciences,
that this is.a memory for generalizations, formailized structures,
and logical~§chemes.

14

An abillty for spatial concepts, wnlch is directly related to thL .
presence of a branch of matlematics such as geometry (espec1ally
the geometry of space) (1967, P 88).

’
3

These abllltles are concelved as determined by the nature of mathemanlcs
more than by the nature of human thought processes.. Krutetskii is not
trying to discover in children's though%t the seeds
of mathematical thoyght in general, i.e., how it was possible for man to
hatre created mathematics. He is not attempting to apply a general learning
theery, such as operant cenditioning, or to define these abilities in
éehavioral germs. Nor 1is he adopting a genéral theory of the nature of

matnamatics or mathematical proof such as that deriving from Boole and

e m e R = ’
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,,« From this p01nt-of view, efforts'to isol

»

+ always enter in to be useful.

P ’ ) .
Frege Each clasgical branch of school mathematics, arithmetic, algebray
geometry, "1s accepted &5 given and as generally understood by those who
- teach it. There is no attempt. at reductionism, reducing either mathematics
learning or mathematics itsélf to Some simpler system of elements The v
terms of these‘abilities are such as teachers who have mastered the branch
of mathematics they teach would understand. : \ 1
te general abilities .derive from
a kind of pointless, abstracq'pychology He develops -and studies_ inter-
correlations among tests for each ability, but as Kilpatrick and Wigszup
complain in the introduction, 'He ni‘er shows, by. including all the tests
in one analys1s, that the groups he Nas formed are dssociated with different
factors" (Krutetskii,/ 1976, p.:xv). What would be"the€ point of doing that, .
except to sort pupils out in general ability groups which would do violence ) »
to their feelings of individual worth. A mdthematics teacher's job is
clearly to identify specific mathematical weaknesses and work for their ~ "~
improvement in individual pupils. So mathematical abilities are naturally , -
defined within that conception. To illustrate this point motre precisely,
note how Krutetskii. describes reversibility of mental processes: h

.

In the first place, it is the establishing of gtwo-way “(or
reversible) 'associations (bonds) of the type A«=—B, as opposed
to one-way bonds of the. type A-—*B, which function qnly in one
direction. ) . . -
In the second place, it .is the reversibility of the megtal
process in reasoning, thinking in a geverse direction from the
résult or the product to the initial data ... But the specific
ways that the thaught,traVels can differ greatly.
e . .
Thus we shall sgeak of . direct and reverse bonds. A sequeqfe of
thought from A to E, say, will be regarded as a direct bond; :
thought-sequence going da the opposite direction (from E to A)
< wlll be regarded as a reverse bond’ (l976, P 287)
- . S
The overwhelming majority of the avefage pupils coped with
solving the reverse problems without special exercises...
As for the incapable pupils ... a direct bond can be seécurely
anchored in them, but 3 reverse bond is not produced without
. specisMexercises. Here we are discussing correct reverse ° T
* bonds ... For them" the question does not even arise whether the.
yevérse (theorem, ¢tourse or reasdning) 1s correct' in the’ given
\futince (1276, p. 289) (uhderlining added). .'.,

- .

N .

It is cliearxr that, although Soyiet ' psy logists may discuss bonds €ormed hy
arbitrary assocfatiohs, in learning.m ematics an evaluative process mast
Hehice, the term "hond"<i$ stretched from.its
limited, reductionist meaging t0 a much richer.meaning in which the prbcess
of reversing is not.divorced from- the process of judgment of corgectness.
This is an adaptation -of_ psychological theory to -the educational ’ituation
as defined by teachers that would not be r@e by many Western p3ychologists.
Pheir view would. Eend to be that‘the practtce and beliefs of teachers should

Xy
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g &  be modified to confdrm to. psyéﬂologlcal diSCOVerleS, and that objectivity
+ is the chief criterion, not usefylness. . The question of. whether most -
teachers can modify their views and practices to conform to even one of \
the psychological or theoretical positions without years of intensive 5.
retraining has to be answered befare one can judge the merit of the
Soviet strategy in educational psychology. But, at least, it can help us
reflect on the disappointments of our own ventures, ,0r in the remoteness
of a Piagetian system. i f .

-

. ;. - [
Lest the reader be left.with the impression that no substantial changed are
being proposed in the traditiondl ways of teaching mathematids in Soviet .
+ . ' schools, let me review, briefly, an example of the kind of changes some
. Soviet - writers are’proposing. €hetverukhin (1971) reviews the difficulties
. that teachets ‘have had in teaching Euclid*s Elements of Geometry in ,the. .
development of suff1c1ent visual imagination to permif an understandlng of
theorems and proofs. Pointing out the inadequacies 6? merely stiowihg three-
{ , dimensional models of geometric objects, Chetverukhin tries out ways of
exploring what geometrical abilities children have. at various ages that
might be developed. By -asking children to draw familiar three-dimensional
objects from memory, he was able to show that three-dimensional and cpomplex
mechanical aspects are perceived early and the ablfqts\to reprgsent them :
accurately .can be taughit. In’'a task suitable for older secondﬁry sfﬂdents, '
drawing sections of a ring (circular'torus), either alone ,or in a regctangu- .
lar box, proved challenging. The most difficult section, perpendlcular to
the plane of the tdrus and just grazing the hole, very. few even at the
post—secondarv level could draw accurately except those in engineering
. ,courses. A major defect noticed was the tendency to use stereotyped
forms, e.g.) circles’ and rectangles in standard pgsitions. He récommends
strongly, on the bagis of ‘his study, that the teafhing of geometry., should"’

. ’

~

be strongl& supported by spatial concepts developdd-through such means as .
- - constructive and projective ‘drawings for surfaces Jof rotation ‘@nd perspective
LS .
drawings of standard figures in arbjtrary positiops. «
2 It is extremely interesting to specyflte what research in mathematics o

education in this country would become if the mathematical understandings,
of teachers and tiHe learning problems they identify in thelr‘puplls were to
3 be taken.as the startlng point for detailed clinical studies of teacher- »
pupll.lnteract1ons in order to arrive at helpful procedures, devices, and ‘ N
mater1als This idea is, not far from what Byswell, Brownell, and others "
., were doing in the 1940s to ‘make arithmetic £§2n1ngful (Weaver and Suydam,
1972), but progress was slow and changes in society and.the 1ntellectual
. climate of teachers colleges and the universities 4nto which they were
“assimilat®d or converted were rapid *Teacher educators, in order to make
their way in the univermity systém of rewards, sought sophisticated intel-
legtual 'syste to apply to the task of advancing public education. One Lt
. prominent’ sourd¢e was statigtics; another was the structures of the variofs ' '
disciplines. IQifferences among philosophers of mathematicse for example,
vtended-to sp different recommendations for reform of mathematics -
education, the mpllcation ‘being that the traditiomal curriqulum had no (
. .academically in erest1ng structurg and that a new structure had to be ‘

v provided . . v . ’ -
) . . , N /
. Anothetr*'source [of an intellectual system for, work in mathematics education’ . .
was psychologigal learning theory, More fecently, cybernetics,-artificfal .
- : : ~ . , A
L . . . ¢ A .
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intelligence, Jhe Piagetian theory of the evelopment of the intellect, and
task analysis, have also been employed f6r the redesign of parts of the
mathematics curriculum. With most orm programs there are associated
Particular master teachers, who pefsonally developed the art of applying the
particular intellectual system_involved. Meanwhile, textbook publishers
and editors took what they thought teachers would be able to use and packaged
a mixture of new ideas with the old in-the most attractive format they could
muster, and schools struggled on with .that necessary subject few ever claim
to'understand. The various forays of university-based mathematics educators
seem to have had at best a superficial impact. Schools were possibly too
busy with other matters: the civil rights movement,- the drug culture, and,
more subtly, with a set of ris;Pg expectations on the part of students and
parents that individual interests, abilities, disabilities, and ethnic back-
grounds would be accommodated, and furthermore that the school exper1ence
would be fun.

-

4
It is pointless to. speculate on what might have been, if teachers colleges
had Jremained separate from universities,.and practical “imptrovement in
lessons had been the prlmeconslderation and the application of theories of
all sorts to reformlng school’ teaching had been considered’bourgeoise or
even decadent. I don't believe that American eduation has lost its talent
for practical advancement, but it d6es appear that the breath between
people who work in schools and the academicians in universitims has widened
alarmingly. Despite this pessimistic note, however, the p;actlcal uses of

‘the varjousgkinds of clinical studies im mathematics education that have

been exemplified by the foregoing sections do ‘offer a'substantial ray of

hope. To this problem we now turn our attention.
- r .

> - ’

The Uses of Clinical Research in,the Mathematicsggldssrodm

From the point of view of traditional types of resgarch,’ the title of this
section is amblguqus, because it could refer to the uses of resedrch results
or to the uses of ‘research methods in the classroom. Both interpretations
are necessary. From-the perspeétives of the clinical research revfbwed
above, there are no results which can'be applied wishout at the same time
engaging ing further use of clinical maetheds, and the methods benefif greatly
from what others have found. Tradltionally,-results are generally stated

in terms of! relationships between variables (usually some form of co-
variation in some population) and clinical research usually results in the
recognition of processes or mechanisms of some kind that explain why things'
work in a particular way. To be sure, mechanisms and processes vary in

hany ways. A clock mechanism c¢an he measured in many details--the number
and size of its cog wheels, the number'and size of the teeth on each wheel,
the type and period of its pendulum, etc., but ‘these various measyrements
and the ways they ‘Covary are secondary because their meaning depends on
understanding haw a gea¥ train’ works: and . how an escapement works. When .the
clocksmith gsees what is wrong andwhat is ueéded to fix dit, he usually has -
not depended o measuring any de}ﬁose things. However, when a mechanism

is hidden, as in a chepical feaction, or fn a disease of a complex organism,
the measurements of variables ard essential to determine which of the many
known, mechanisms possible is involved at a given time.- However,, even wirBp

there .are no cog wheéls to he seen, the d}ecovery of which of the possible

'S \ . ,
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mécpanisms is openéuing demand$ a mental prdcess quite different from
studying patterns of covariation. Instead of looking af nLdimengional
spaces, one thinks of structures, whether they be systems of ‘atoms or sys- -
tems of ideas or ovgan systems or Systems of conceptions, as in Erlwanger's
. treatment oX Benny. T, ’ : ,

|
“

$ In the case of'Piaget the mechanism assumed in most of his later work on
' : the development gf inEelligence in school-age children is based _.on the
analogy between what mathematicians call structures and whatfgzglogists\call‘
structures. He supposes that mathematical structures udderlie children's
thinking about quantity and causalizs and that they go through progressive
differentiatiog and specialization like the structures of ‘the body. It is é
his hypothesis,»in‘fagt, that mathematical structures.are biological struc-"
vtures of the species that does mathematics. Then, extending -hig analogy
. further, he proposes that these mathematical structures carry op -a process
* of assimilation, and aCcémmodatiQp like other biological structures.. Few
elementary schdol teachers will be applied mathematicians of the sort who
might make use of asmathéhatical theery of mathematical learning. Most
* teachars may he/happier with the more practical-minded Soviets who take
abilities as xfecogn}zed by teachers and attémpt to différentiate them more
clearly from eatt her and speculate about how they are formed and hoyw
they may be developed--not as general psychological Yariableg, but as
contgxtual Perceptions. .

‘ - 1

", . 3 -

. Clinical rQ;Ear hers of any of these broad points of view, and others' as
well, will see classroom events more clearly because of their research,
for they are likely to notice the kinds of structures they have seen before.

- They are also likely to notice variations from familiar structures that .
may make a difference in their functioning, gs in a clockworks, the varia-
tions in a given structure are secondary, given.by the structure, but
important. In this process, no rules emerge that don"t have lots of
exceptions. ' The teacher must watch and Iisten gnd try to understand what
the pupil is doing and saying, and take the pupil's words and actions
seriously, not just as mischievous or sloppy, thougl odcasionally they may

- be that. Any such hypotheses, as well as hypotheses about thé pupil's sub-

stantive ‘ideas of maqhematieé, need to be checked carefully from time to
time. JJumping to conclusions is necessary to get started, but all such
conclusions myst also be challeﬂge@ vigorously.

.

-

-

»

fF is, common to hear, the obj ioh that clinical understanding is
idiosyncratic and not reliable-enough to serve as a basis for a science or -
. technology of education., This objection arises from a conservative method-
ology which hopes to reduce the process of scientific advance to 'mechanical
procedures. However, physicists and mathematicians often have given
expression to the‘great.depenaencq that the advancement ‘of science has on
human freedom add‘creatfyity. Consequently; I am.prone to take more seri-
- . ously the objectidn of Herman Weyl, a mathematician who contributed
e greatIE?to the *‘development of modern physics. Weyl argues®that, although
our knowledgé of another *person's mind is of indisputable adequacy for maTy
intimate and €omplex acts of communication,lig is nevertheless limited-in
¢+ contrast to the mathematibal way of constructing theory developed during
_the past three centuries.. He says:

.
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+«,the scope of the understanding from within appears \pra_c%cally,
. fixed by human nature once forvall, and may at most be widefed
a little by the refinement of Z»anguage, especially the language
in ‘the mouth of ‘the’ poets. Understanding, for the very reason -
that it is concrete and full, lacks the freedom of the 'hollbw ’
symbol' (1964, pp. 580- 581). N - . ' '

In the case we are. talklng about of a teacher trying to understand his or
her pupils by empathy and being responsive to them, rhé problem is not, as ’
- -many'teachers fear, that they wilk differ too, much from what other teachers
might say in their efﬁorts to understand the same* pupils, for that problem
, can be solvedby careful examination. The limitation of direct personal i
understanding of another human being, or of oneself, is that there *s not f
enough variability and too much stereotyping.

Whittaker (1975) describes how she encouraggs primary school teachers &
mathematics to interview the1r pupils using Piagetian tasks, not-as a means _
‘of assessing progress nor even as a basis for curflculum planning and
dec151¢ns, but simply as-a way of getting to know the children's minds. .
This seems to be Piaget's recommendation, too (Piaget and Duckworth, 1973).
Thre advantage his tasks seem to have for, this purpose is that they are

s safe from correctlon, .once the teacher knows that children ge through .

different stages in terms of the kinds of answers they are likely to give.

s An unacceptable answer.from an adult point oj View need arouse little con-
cern, for the next year or so will cerfainly br1ng the .child %o the point
where he or she has a more acceptable answer. The chi]d knows, too, if the
interview is conducted properly, thit he or she can say what he or shé thinks
and give his or her own reasens. It is harder for a teachér to- get such
‘honesty from-many pupils ‘with regard to the specific subject matter .

being studied, and yet the Piagetian interv1ews cover ideas that are’ funda-
mentally related to the subject mattef of*mathematics. -

It is certalnly not necessary for a teacher of school mathematics to know
. Piaget's ‘mathematical theory of the develepment of_mathematical concepts.
There are plenty of very suecessful teachers whp/ﬁyﬁer heard of. it. And
. it is not necessary fof teachers to have other, intzrqifzgrs come in and
check how their students ‘&re conceiving of mathematics ~for again success-
ful teachers exist who don't do this. It does seem to me, however, that
_ without some kind of clear channel of communication, in which]every pupil, can
tune in to the teacher when he or she 1is feeling lost, there“will be fars too
- . many pupils who are lost. Mathematics- s traditionally a hara ubject. ang
many people feel that it is no disgrace to be "dumb in math, " Put thgre .
seems to be no good reason for it. The most probable reason that a size-
)’ le percentage of pupils have difficulty in mathematics classes at all -
levels of schooling is that fhe best students set up a private mode of *
communicatidn with the teaqher (often picking"up the teacher's own words
« . quickly) .and those who dgn t immediateiy catch on to this language feel ‘
left out and stop trying to understand in their own way what is goiqg ..
- They just try to do enough to get by or else they actively rebel against,
~the teagher's requests.

~ - - .
]

-Clinical interviews can.help reestablish communicatiofi, through alternative
Ch300313, in alternative terminology, and can reduce the féeling that there

- . . v
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{s just one precise way in,which the work 1s to be done. Teachers and ~
pupils dlike need the gonfidence that comes. from occasionally finding out
why something'was ‘hard fot someone tg understand. The point of view here
is that éach particular child is the authority on what he or she thinks and
what ‘malkes sense to him or her, not Piaget, not any researcher, no ‘matter
how ‘deeply thk res2archer has probed or how broadly he or she has sampled.
Even if one knew that 95% of all fourth graders did not acc pt conservation .
of volume (@ far more p051tLve piece of information than any authorltY'would
suppett), it conld not confute a particular-child who plainly says that no

- magter héw~a piece of plasticine ige deforméd or arranged, .it will displace
just as much water. Statistical summaries can at best only alert the alert
teacher to particular possibilities, and actually conducting clinical inter-
views can teach’ one better how to recognize these possibilities than any
psychometfic or intervﬂew schedule that could be published.

. ' N

Conductlng clinical 1nterviews provides tra1n1ng in t'hiinterpretation of
human thought and-can, if, desired, draw’ fnto the proce the most sophisti-
cated kinds of intellectual tools one possesses, but basically it depends
on one person's attempt to understamd another. The published studies,
many. of whigh will'be listed and categorized in the next section, can only
provoke ome to try different kinds of tasks that might not have occurred

: spontaneousLy and to try probing for different kinds of ideas that one
would not have"® thought to laok -for.otherwise. They do not teach how to_
teach. That is something each teacher began learning at his or her mother's
kiee and continues to learn throughout a lifefime, for teaching is one of

thle most common forms of human interaction there is and its specialized .
organizatjon in schools is the source-éf as much hindrance to <its natural

development as it is a help., I see many p%ssabllltles for the development
bf teaching by teachers, and cllnLcalustudies have a potential tfor helplng
many teacheps achleve major 'advances in their ability to help children who
otherw1se wouldn' t be reached.

. ¢ o,
?&e Literat’;e of Clinfcal Studies:in Matlematics Education

»

\"This‘seczion will list documents the reader may find useful in following

up on the types .of 'issues that have been 1ntroduced in preced1ng sections.
It will -follow the sequence of those sectlons. ~

— v
2

The literature on the methodol gy. of cllnical and case studigs relevant to . .

mathematics education is limited indeed. Bang (1966) reviews the develop-
ment of Piaget's mdthode clinique. In addition to Stake (1976), Campoell
(1973), Denis-Pringhorn and Grize (1966), and Piaget (1929), .whj have .
already been mentioned Witz (1973) is a key paper which intgoduces the

'~ methodology of analyzing a nonstructured interview in terms 6f the guiding

) conceptions of younger subjects. It takes the reader through the complex
decision-making process in an apalysis of an interview with a 4-1/2 year-
Qld child working with a beam-type balance. Response latencies are used
to support the decision about framework boundaries. Knifong (1971) analyZzes
four other such interviews with children of about the same age in a similar
way, but alsé developing intra-framework.structure. Lasley (1974) develops .
the diagram of Witz' structural paradigm into a system for accounting fox
two d1fferent siZed elements of an interv1ew protocol. This technique is

o
’
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further developed by Clement (1977). Vinh Bang (1966) traces the
history of the clinical interview in Piaget's work. Piaget (1967) makes

«pointed suggestions on conseryation interviews. The specific issues that

divide experimentalists and more clinical approaches are treated in . ﬂ
Easley (1966, 19q7a; 1967b, 1971, 1973, 1974, and,1977). An’entirely

differgnt methodological approach to protocol analysis is found in the work

of Newell and Simon. See for example, Jewell, and Slmon (1972) in which ,
a computer simulation of human problem solving is presented; Paige and Simop

(1972) for a discussion of solving wor& problems in algebraz:and Simon (1975)

for a general review.

3

.

Erlwanger's dlsserxatlon (1974), in addition to provid#ng counter-examples ¢
.4 .»to many conventional assumptlons, is a r1ch source of .ideas about children's
\ ) responses to rather highly programmed situations.  For example, the secord
Yoo . ‘case study concerns Mat, who differs from the subJect of the first study,

y Benny’, (Erlwanger, 1973, 1975) primarily in the extreme dependency that he
has on the text afd in the absence of any struggle or resentment ggainst . -
the lack of consistency from one page of his work to the next,. It provides

« a powerful lesson in how mis-educative dutifully fo;;owing‘directions can
be. In additior to the discussion of Benny by editors in footnotes already
. alluded to [See Davis (1973) for his interpretation of kbféBenny case], other
- ' i cﬁlnlcal studies of children attemptlng to solve arithmet1 prbbléms include
Steinberg’ and Anderson (1973), Davis (1975a,b), Davis and Greenstein (1969) ‘
Jencks and Peck (1972, 1975), Leiser (1974), Peck *and Jencks (1974), Wltl//*-—i - |
and Albert (to appear). Earlier work along the same vein is reported from
Germany (Fruedenthal, personal communicatibn), Wagenshein (1965, 1970),
and the studies earlier alluded to by Brownell (1944a) and Buswell (1926
. 1949). Other studies by Brownell (for example, 1928, l944b 1947 1956)
constitute. an importamt part of this llterature .
An interesting study which illustrated a creative method of structyral
analysis is Witz and Albert (1975, to appear). It is a heuristic analysis
of part of an interview on arithmetic with a very competent 12-year-old boy

o . which moves" to successively.deeper levels of mental process, arriving
. . finally by a boot-strapping process at the conception of an "irradiated
‘J -state" of mind in which clarity is impressively evident.
- ,
¥

I proposed (Easley, &964) an operationalization of a particular application
of one of Piaget's mathematlcal structures of the formal stage, the INRC
. group. Witz (1969) proposed an ‘axiomatization of grouping I, and Grize
- (1969) discussed the axiomatif@ation of Piagetian structures. Kamara andy -, L
\ Easley (1976) review methodo ical issues concerning crods-cultural ) .
* 7 studies of cognitive developme Witz (1970) presented an axiomatieation
. of an alternative structural analysis. However,-on the whole, the method-
6logy of mathematical modeling of cognitive structures in school mathematical |,
subjects ‘does not have a well diveloped literattire. A more general approach *
to human cognition is described¥in Wif% and Easley (to appear). For other
. points of view Piagettan interviaws see Smock (iﬁii}/(gnnis (1975),

Steffe (1973), and Lunzer (1973).

-

In addition to Piagﬁt and Szeminska (1952) classic work on number and »
quaq!;ty, and the more readable bzszson geometry (Ptaget, Inhelder and
/ Szem™ska, 1960), the new transladfion {Piaget and Inhelder, 1944) fills a

¢ . - . s -~
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gap that has existed too long in English translations of Genevdn studies

of the development of quantities. The most elegant fathematical theory of."
the development of mathematical .concepts, though much criticized, is Piaget
and Inhelder (1956). Another new English t;anslation (Piaget 'and. Inhelder,
1975) on the origins of chance-in children's thinking is most welcome, for

it is oge of the most clearly written of what uaually turns out to be rather
heavy tames.+ For studies of logical multiplication and conservation learning,

"see Inhelder and Piaget (1964), Inhelder, Sinclair, and Bovet (1974), and

Piaget (1977) - .

The chief resource today for Soviet studies in mathematics rearnlng is the
imprpssive fourteen-volume series edited by Kilpatrick dnd Wirszup (1969-
75). I nave certainly only just begun to sample this storehouse in such
studies as the two by Bogolyubov (1972a, 1972b) om solving arithmetic
problems and Chetverukhin's (1971) study of spatial concepts and imagina-
tion. 'Krutetskii's (1976) highly readable account of both clinical and

.correlational studies (also edited by Kilpatrick and Wirgzup) is another

source of major importance for the clarity of his- pnilosophical position.
I have also folund help in developing my perspective on Soviet studies .
articles by Gal'perin (1969) and Gal' perin and Talyzina (1961) For geneyal
background, the text on the teaching of mathematics, to which some of tneg
Soviet research studies can be related, 5 Khinchin (19?8).

-

Robers Karplus and others have gonducted a number of studies of tests on w
logfcal and proportional reasoning, that invite comparison with Piaget's
clinical data. Five studies, Karplus and Karplus (1970}, Karplus and
Beterson (1970, 1972), Karplus, Karplus, and Wollman-(1974), and Wollman
and Karplus (1974) have been recently reviewed by Iravers and “%asley (1976).
Fuller, Karplus, and Lawson (1977) summarize this work and present thei
edutational interpretation from the point of* view of conventional phy
Papers on the teaching of mathematics. which discuss the uses.of clinical
studies include Bauersfeld (1967), Easley and Witz (1972), which use clini-
cal data to criticize parameterized forms of iadividualization, Easley and
Zwoyer (1975), Whittaker (1975), O'Brien (1974, 1975), Piaget (1975),

Polya (1962, 1965), Piaget and Duckworth (1973), Skemp (1971), and Weawer
and Suydam (1972). A rather differept interpretation is placed on clinical
research and teaching by Copeland (1974). [For a critical rev1ew see
tasley (l97l) ] Anderson (13p5) alse takes a different view sf what it
means for a child to learn mathematical reasoning. , ! (\.‘

.

For a. dlsgu551on of teachers' points of view qn the teaching of matnematics,

‘another subject whigh can be profitably studied by clinical methods, seé

Shirk (1973) and Busis, Chlttenden,and Amarel (1976). Since one cannot »
avoid asking the question, 'What is mathematics?", when engaged in examlnihg'
the thinking of individuals, it is useful to have reference to such readalc
accounts as Lakatos (1963) and Halmos (1968) " For more detailed documenta-
tion of rather similar views' see Polya '(1954). We may appropriately close
this too brief review on the teaching of mathematic3~by the questfion raised
in Halmos' paper . - -
. . N ¥
In painting.and in mathematics there are some objective standards
¢ of good--the painter speaks of structure, line’, shape,. and texture,
where the mathematicfan speaks of truth, valldlty, novelty,,

-
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'case with experimental studies; the
,an explanation, often neglected

-~

generallty--but they are relatively the easiest to satisfy. Both
painters and mathematicians debate among themselves whether these
objective standards should even be tald to the young--the -beginning
[student]‘iqy-mlsunderstand and overempha51ze them and at the same
time lose sight of the more important subjective standards of good-
ness... [Mathematicds] is a creative art because mathemat1c1ans
create beautiful new concepts; it is a creative art because mathe-
maticians live, act, and think .ike artistsj and it is a creative
L art because mathematicians regard it so (Halqgs, 1968, p. 389).

For a discussion of a creative type of elementary school mathematics--as
viewed by a mathematician--see Bauergfeld {1967). For a more teacher-
oriented view of creativity on the part of elementary school children see
Whittaker (1975). Driver (1973), however, shows, that the. orfglnal thinking
of lZ-year—old children with quantities can regularly lead them to conclu-
sions considered wrong or at least very surprising by their teacher just
because they have such a differtnt conception of the quaritities themselves
and the mechanigal way they interact. What we have to admit is that
children engaged in ¢reative thinking about quantities (both discrete and
continuous) will take years to achieve the standard® set by objective

' measurement, calculation, and logic. But it is & sad commentary on the

mathematical ideas of teachers if we conclude,-with Copeland (1974), that
meaningful instruction in mathematics cannot occur unt{l children have
achleved the standard concepts. For, as Halmos (1968) says, there are
"more impertant standards of goodness." We take these to include’ (Yor

. teachers and-children alike) curiosity, analogy, symmetry, surprlse, and a

conviction that things ought to fall into place, into some natural ord
When these fail to happen, school mathematics becomes a burden, a mysterious
language, and worst of all a humiliation.

Summary * ) . .
—_— N . ,

In this review of clinical studies In ‘mathematics education, tather than,
attempting a complete survey and classification of studies, we have attempted
to address the concerns of those ,who, not used to clinical or case studies,
find it difficult to evajuate or even follow the literature. To this ‘end,

we hqve examined examples of three different kinds of studies which are of
current interest, and we have tried to draw out the conceptual. ot theoreti-
cal issues in which their authors are involved. [This has provided evidence
to support Campbell's claim, 'discussed our brief methodological section,
that case studies -often test many more/fhearetical hypotheses than is the
vestigators, hgwevgr, bent on finding
mention ‘the many hypotheses discarded

and the evidence on which they were discarded.

y

Erlwanger's :study of Benny, as we have indicated, raised the quéstion as

to how &pe different ways of thinking Benny used in arithmetic could be <
integra!ﬁd--a question which Wittgenstein had raised ip his studies of the
foundations of mathematigcs. While we have no clear answers, we fiow have

an important question ‘that has been toéo long ignored--not just in various -
individualized programs in mafyhematics, but in mathematics "education
genérally. In our review of iaget's efforts to understand the origins of
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quantitativélideas in the cognitive development of children, we saw that
sophisticated, godern mathematical concepts_ can provide theoretical tools

i 3
for understanding processes that mathematics educators have takéen for
granted, such as the development of the concept. of amount of 1liquid qr
In our brief look at a few of the Soviet

other deformable substance.

studies of teaching and learning mathematics,.we $aw that Sqviet investi-

gators, unlike European or American mathematics educators, have accepted
‘;zs and not attempted

the traditional goals and practices of tegchers as g
to replace them, except to provide clear, practical s tiofis to problems

identified by the teachers themselves.

In sum, 1nstead of overriding concern for objectlve-and general formulations

of knowledge, clinical and case studies of these kinds show a primary con-
[
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cern for understandlng dnd helping teathers understand and deal with the
phenomena of children thinking quantitatively. )
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